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Abstract
We analyze momentum dependent vector modes in the context of gauge
theories dual to R-charged black holes in D = 4, 5 and 7. For a variety
of examples, the master variables are constructed, for which the linearized
equations for the perturbations decouple. These allow for the computation
of momentum dependent correlation functions. Away from the hydrody-
namic limit, numerical analysis using the decoupled equations of motion
is used to obtain the analogues of the Depine-Lakhtakia (DL) index. For
specified ranges of frequencies, a negative index of refraction is seen to
occur in all cases.
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1 Introduction
In recent years, there has been increasing evidence that the AdS/CFT correspon-
dence [1] can been used as a tool to understand realistic physical phenomena in
material systems. This correspondence, which relates a strongly coupled quan-
tum field theory in flat space-time with a classical theory of gravity in higher
dimensions, has provided an exciting arena to study conformal field theories that
arise in condensed matter systems, via holography. Several important and in-
teresting results have thus far emerged, and it has been shown that it is indeed
possible to gain useful insight into a variety of problems in condensed matter
physics via the gauge-gravity duality [2], [3].
Important ingredients in this analysis are the retarded correlators of the
boundary theory, at finite momentum and frequency. These have been analyzed
for RN-AdS backgrounds (see e.g [4], [5], [6]), and provide useful information
about the boundary theory. The finite momentum analysis can be substantially
more difficult than that at zero momentum, due to the appearance of coupled
differential equations at the perturbative level, and it is useful to decouple the
equations by an appropriate choice of “master variables” [7]. These become im-
portant in the context of numerical analysis, if one needs to go beyond the large
wavelength limit in the boundary theory.
The above discussion becomes relevant in the context of a holographic descrip-
tion of an exotic property of matter that has attracted a lot of attention in recent
years, namely, the phenomenon of negative refractive index in materials (see,
e.g [8], [9]). These materials, called meta-materials, are artificially engineered,
and have the property that the permittivity ǫ and permeability µ of these can be
negative. This results in a negative refractive index, in the sense that the negative
sign in the square root of the relation n = −√ǫµ had to be chosen [10]. Although
mathematically interesting, it took a few decades before the physical applica-
tions of the results of [10] could be envisaged in [11], [12]. Shortly afterwards,
the possibility of simultaneous negative values of the ǫ and µ was experimen-
tally demonstrated [13], and since then, there has been widespread activity to
understand the exotic properties of meta-materials, and these have been used in
a variety of applications in physics and engineering.
Indeed, in the context of the AdS/CFT correspondence, a holographic descrip-
tion of strongly coupled field theories was shown to generically admit a negative
refractive index [14]. This “optics/geometry” duality, studied in the context of
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the five dimensional RN-AdS black hole in [14] has been further explored in [15],
where a four dimensional example was worked out. The methods were then ex-
tended to the case of holographic superconductors [16], in the work of [17], [18].
In this paper, we extend this analysis to gauge theories dual to R-charged
black holes inD = 5, 4 and 7, that correspond to rotatingD3,M2 andM5 branes.
In particular, we study the the momentum dependent vector mode perturbations
on the black hole side. In several examples, we construct the master variables,
which simplify the computation and gives rise to a set of decoupled equations
that result from linearizing the perturbations. These are then used to compute
a variety of correlators for the boundary theory, which, in particular, leads to
the Depine-Lakhtakia (DL) index, that, under certain circumstances, determine
the possibility of negative refraction in a material medium. While the DL index
is simple to write down in the hydrodynamic limit using results from standard
black hole thermodynamics, a numerical routine has to be employed away from
this limit. Using our master variables, we achieve this, and show that negative
refraction is a generic feature in all our examples both in the hydrodynamic limit
and away from it, in lines with the observations made in [14].
This paper is organized as follows. In section 2, we first review the basic
setup and fix the notations and conventions to be used in the rest of the paper.
We then analyze momentum dependent vector mode perturbations corresponding
to gauge theories dual to four dimensional R-charged black holes. This is done
for the single charge case, as well as a two-charge examples. For both cases,
we perform numerical computations to analyze the DL index away from the
hydrodynamic limit. In sections 3 and 4, we perform similar analyses for the five
dimensional and the seven dimensional examples. Section 5 ends the paper with
our conclusions and some discussions.
2 R-charged Black Holes in Four Dimensions
In this section, we will first review some of the basic formulae in order to fix
the notations and conventions that we use in the rest of the paper. We first
quickly recapitulate some of the well known results of R-charged black holes,
before reviewing the basic formalism required to understand their optical proper-
ties via holography. Here, and in what follows, our notations closely follow [19].
R-charged black holes form the gravity duals to rotating branes in various di-
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mensions. For example, in its simplest form, the gravity dual to D3-branes is the
canonical AdS5 × S5, while a spinning D3-brane configuration [20] corresponds
to adding rotations in planes orthogonal to the brane, which lead to the rota-
tion group SO(6). Three non-zero chemical potentials can be associated to the
three commuting Cartan generators of the group SO(6) of rank 3, and these are
the spins of the D3-branes, i.e represent the three charges under a global SO(6)
R-symmetry of the N = 4 SCFT residing on the brane. These are the three
U(1) charges of black holes in AdS5 supergravity that arises in the corresponding
Kaluza-Klein reduction of the D3-brane on S5 [21].
The hydrodynamics of R-charged black holes have been investigated in detail
in the last few years, starting from the work of [22]. While the original work
of [22] focussed on the dualD3-braneN = 4 SYM theories with non-zero chemical
potential, this was generalized to other cases involving M2 and M5-branes, see
e.g [19], [23], [24] and references therein. However, to the best of our knowledge,
momentum dependent analyses of the vector modes for R-charge black holes have
not been worked out. In this paper, we will undertake this task. In what follows,
for a variety of examples 1, we analyze the correlation functions for momentum
dependent vector mode perturbations for R-charged black holes by constructing
a master variable [7] in each case. In terms of these variables, the perturbation
equations decouple, and this helps us to numerically analyze some properties of
the dual gauge theory away from the hydrodynamic limit, as we elaborate upon
in sequel. Important for our analysis will be the correlators that determine the
optical properties of the dual gauge theories. The latter has been investigated in
the pioneering work of [14]. The main result that we will use is that using linear
response theory in the AdS/CFT correspondence, it can be shown [14] that the
electric permittivity and the effective magnetic permeability are related to the
frequency dependent transverse current correlators evaluated at the boundary of
AdS, and is given by
ǫ(ω) = 1− 4π
ω2
C2emG
(0)
T (ω)
µ(ω) =
[
1 + 4πC2emG
(2)
T (ω)
]−1
≃ 1− 4πC2emG(2)T (ω) (1)
where Cem is the electromagnetic coupling, and the transverse correlator is ex-
panded as
GT (ω,K) = G
(0)
T (ω) +K
2G
(2)
T (ω) (2)
1In all the cases considered in this paper, we deal with planar horizons.
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Negative refraction, which occurs when the phase velocity of the of the light wave
is in a direction opposite to its energy flux, is then equivalent to the negativity
of the DL index [25]
ηDL = Re (ǫ) |µ|+Re (µ) |ǫ| (3)
As explained in [14], µ(ω) is an effective magnetic permeability, that is obtained
by expanding the transverse dielectric permittivity in a series involving the spatial
momentum.
There are several caveats that needs to be kept in mind while analyzing optical
properties in the context of the gauge/gravity duality, as explained in [14]. Firstly,
we deal here with relativistic systems, and are somewhat removed from the non
relativistic ones usually studied in the laboratory. Secondly, strictly speaking,
one does not have a dynamical photon in the boundary CFT. Hence we have
to imagine a strongly coupled field theory weakly coupled to such a dynamical
electromagnetic field at the boundary, and it is the refractive index of the latter
that is being calculated. We will proceed while keeping these caveats in mind.
2.1 4-D Single R-charged Black Holes
We are now ready to analyze the momentum dependent vector modes that cor-
respond to rotating M2-branes. We begin with the Lagrangian [19]
L = √−g
[
R − L
2
8
H3/2F 2 − 3
8
(∇H)2
H2
+
3
L2
(
H1/2 +H−1/2
)]
(4)
The metric for the planar horizon, and the gauge fields are given by
ds24 =
16 (πT0L)2
9u2
H1/2
(−f
H
dt2 + dx2 + dz2
)
+
L2
fu2
H1/2du2
Aµ =
4
3
πT0
√
2κ (1 + κ)
u
H
(dt)µ (5)
As in standard literature, we have defined the coordinate u = r+/r, where r+ is
the radius of the outer horizon, L is a scale factor associated with the planar part
of the metric, and we have defined
H = 1 + κu, f = (1− u){1 + (1 + κ) u+ (1 + κ)u2} (6)
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We also record the expression for the temperature 2,
T
T0 =
1 + 2κ
3√
1 + κ
(7)
with κ denoting the R charge while T0 is the Hawking temperature of neutral
black hole. For our purpose, it is enough to consider perturbations of the metric
of the form
htx = gxx (u)T (u) e
−iωt+iKz, hzx = gxx (u)Z (u) e
−iωt+iKz, ax =
µ
2
A (u) e−iωt+iKz
(8)
Where, htx, hzx and ax are δgtx, δgzx and δAx respectively, and all other fluctua-
tions are taken to be zero. Here, µ is the chemical potential, and the fluctuation
in the gauge field is defined with a factor of µ, to simplify calculations. The
linearized equations of the perturbations in terms of T (u), Z (u) and A (u) can
be written as,
T
′
+
qf
̟H
Z
′
+
κu2
2H
A = 0
T
′′
+
uH
′ − 2H
uH
T
′ − 9q
2
4f
T − 9̟q
4f
Z +
κu2
2H
A
′
= 0
Z
′′
+
uf
′ − 2f
uf
Z
′
+
9̟2H
4f 2
Z +
9̟qH
4f 2
T = 0
(
HfA
′
+ 2 (κ+ 1)T
)′
+
9
4
(
̟2H2
f
− q2H
)
A = 0 (9)
Where, ̟ = ω
2piT0 and q =
K
2piT0
It can be seen that the first two of the above set of equations combined
with the fourth can be used to reproduce the third one and hence these can be
considered to be independent. The first and the second equation can be used to
eliminate Z(u) and finally, we end up with two coupled differential equations in
A(u) and T (u). We now construct a new set of variables:
Φ± (u) =
H
u2
T ′ (u) +
κ
2
A (u) + C±
H
u
A (u) (10)
Where, we have defined
C± =
3
4
(
−1±
√
1 +
q2κ
(1 + κ)
)
(11)
2The temperature will be denoted by T in what follows, to keep the notation distinct from
the perturbative analysis
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It can be checked that in terms of the new variable Φ, the above set of equations
decouple, and reduce to
Φ′′± (u)+
(
f ′
f
+
2
u
− H
′
H
)
Φ′± (u)+
9
4f 2
(
̟2H − q2f)Φ± (u)+C±2(1 + κ)u
fH
Φ± (u) = 0
(12)
The boundary condition that follows from eqs.(9) and (10) can be written as
lim
u→0
[
u2Φ′± (u)− C±uHA′ (u)
]
=
9
4
(
q2T (0) + q̟Z(0)
)− C±A(0) (13)
Where we have defined
A(0) = lim
u→0
A (u) , T (0) = lim
u→0
T (u) , Z(0) = lim
u→0
Z (u) (14)
Now, writing the master variables in the series expansion of the form
Φ± (u) =
a±
u
+ b±Log(u) + d± + ..... (15)
we see that eq.(13) reduces to a simpler form
lim
u→0
[
u2Φ′± (u)− C±uHA′ (u)
]
= − lim
u→0
uΦ± (u) (16)
We also have to impose the usual incoming boundary condition,
Φ± (u) = f
−i̟T0
2T Y± (u) (17)
where, Y± (u) are regular at u = 1. Eq.(10) can then be cast into the form
Y ′′± +


(
fu2
H
)′
fu2
H
− i̟T0f
′
T f

Y ′±
+

 9
4f 2
(
̟2H − q2f)− i̟T0
2T
(
f
′
u2
H
)′
fu2
H
+ C±
2(1 + κ)u
fH
− ̟
2T 20 f ′2
4T 2f 2

Y± = 0 (18)
In the hydrodynamic limit, we can solve for Y+ as follows. Expanding Y+ (u) in
a series of i̟ and q2 as
Y+ (u) = Y
0
+ (u) + Y
1
+ (u) (i̟) + Y
2
+ (u) q
2 + ...... (19)
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Figure 1: Plot of the real part of the per-
mittivity as a function of ω for 4D Single
R-Charge black hole, for κ = 1. The nu-
merical (solid blue line) and analytical
(dashed red line) coincide in the hydro-
dynamic limit.
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Figure 2: Plot of the imaginary part of
the effective permeability as a function of
ω for 4D Single R-Charge black hole, for
κ = 1. The numerical (solid blue line)
and analytical (dashed red line) coincide
in the hydrodynamic limit.
we get the following set of equations:
Y 0
′′
+ +
(
fu2
H
)′
fu2
H
Y 0
′
+ = 0
Y 1
′′
+ +
(
fu2
H
)′
fu2
H
Y 1
′
+ −
T0f ′
T f Y
0′
+ −
T0
2T
(
f ′u2
H
)′
fu2
H
Y 0+ = 0
Y 2
′′
+ +
(
fu2
H
)′
fu2
H
Y 2
′
+ +
[
− 9
4f
+
3κu
4fH
]
Y 0+ = 0 (20)
Upon solving the first equation of of the set of eqs.(20), it can be checked that
the regularity condition at u = 1 fixes Y 0+ upto a constant.
Y 0+ = Cp (21)
Similarly, we obtain
Y 1+ = Cp
G (u)
u
(22)
Here, in addition to the regularity condition, we have also imposed the condition,
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Figure 3: Numerical results for the real
part of the permittivity as a function of
ω, for κ = 1 (solid blue), 1.5 (dot dashed
black) and 2 (dashed red).
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Figure 4: Numerical results for the imag-
inary part of the permittivity as a func-
tion of ω, for κ = 1 (solid blue), 1.5 (dot
dashed black) and 2 (dashed red).
Y 1+(1) = 0. Doing the same to Y
2
+ we get,
Y 2+ = Cp
H (u)
u
(23)
Finally, the boundary condition (17) gives us Cp.
Cp =
−9
4
(
q2T (0) + q̟Z(0)
)
+ C+A
(0)
i̟G(0) + q2H(0)
(24)
We record here the closed form expressions for G(u) and H(u). We find that
these are given by
G(u) = uY 1+(u) =
3 (A+ B)
4
√
1 + κ
√
3− κ(3 + 2κ) , H(u) = uY
2
+(u) =
3(1− u)
4(1 + κ)
;
A = 2u√1 + κ(3 + κ)
(
Tan−1
[
3
√
1 + κ√
3− κ
]
− Tan−1
[
(1 + 2u)
√
1 + κ√
3− κ
])
B = √3− κ
(
2(u− 1)(3 + 2κ) + 3u(1 + κ)Log
[
1 + u(1 + u)(1 + κ)
3 + 2κ
])
(25)
Now, in the same manner, we solve for Y−. First, we expand, Y− (u) in a series
of i̟ and q2.
Y− (u) = Y
0
− (u) + Y
1
− (u) (i̟) + Y
2
− (u) q
2 + ...... (26)
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Subjecting the solutions to appropriate boundary conditions as before, we get
Y 0− =
3 + 2uκ
2uκ
Cn, Y
1
− =
3 + 2uκ
2uκ
CnP (u) , Y
2
− =
3 + 2uκ
2uκ
CnQ (u) (27)
Where, we have defined
Cn =
2κ
3
[
C−A(0) − 94
(
q2T (0) + q̟Z(0)
)
1 + i̟P (0) + q2Q(0)
]
(28)
The closed form expressions for P (u) and Q(u) are presented here for the sake of
completeness :
P (u) =
(C +D)
4(3− κ)3/2√1 + κ(3 + 2κ) ;
Q(u) =
6(u− 1)√3− κκ2 + 27√1 + κ(3 + 2uκ)R
2(3− κ)3/2(1 + κ)(3 + 2κu) ;
C = 6(κ2 + 12κ+ 9)√1 + κ
(
Tan−1
[
(1 + 2u)
√
1 + κ√
3− κ
]
− Tan−1
[
3
√
1 + κ√
3− κ
])
D = √3− κ
(
24(1− u)κ3
3 + 2uκ
+ 9(κ2 − 2κ− 3)Log
[
3 + 2κ
1 + u(1 + u)(1 + κ)
])
R =
(
Tan−1
[
3
√
1 + κ√
3− κ
]
− Tan−1
[
(1 + 2u)
√
1 + κ√
3− κ
])
(29)
Now that we have solved for the Y±, we can write down the master variables Φ±
from eq.(17). An appropriate combination of eq.(10) now yields a solution for
A(u). This can again be fed back into eq.(10) to obtain T ′(u), and finally, using
the first equation of eq.(9), we can calculate Z ′(u). It is now easy to calculate
the boundary action from (Sct is a counter-term)
SB = lim
u→0
∫
dt ~dx
[
N
3/2
c T0
36
√
2
fHA
′
A+
8π2N
3/2
c T 30
81
√
2
(
f
u2
ZZ ′ − H
u2
TT ′
)
+
πT 20 N3/2c
√
2κ (1 + κ)
27
√
2
TA+ Sct
]
(30)
and taking its derivatives yield the required Green’s functions. We list the set of
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Figure 5: Numerical results for the imag-
inary part of the effective permeability as
a function of ω, for κ = 1 (solid blue), 1.5
(dot dashed black) and 2 (dashed red).
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Figure 6: Numerical results for the DL
index, as a function of ω, for κ = 1
(solid blue), 1.5 (dot dashed black) and
2 (dashed red).
retarded correlators in the hydrodynamic limit :
Gxx =
iωN
3/2
c T0κ
54
√
2
(
iω − K2
4piT0
√
1+κ
) − iωN3/2c (3 + 2κ)2
216
√
2π
√
1 + κ
Gxtxt =
4πN
3/2
c T 20
√
1 + κK2
27
√
2
(
iω − K2
4piT0
√
1+κ
) , Gxzxz = 4πN3/2c T 20
√
1 + κω2
27
√
2
(
iω − K2
4piT0
√
1+κ
)
Gxtxz = − 4πN
3/2
c T 20
√
1 + κωK
27
√
2
(
iω − K2
4piT0
√
1+κ
) , Gxtx = 2iπN3/2c T 20
√
κ(1 + κ)ω
27
(
iω − K2
4piT0
√
1+κ
)
Gxzx =
iK
4πT0
√
1 + κ
Gxtx (31)
The expression for DL index is obtained from eq.(3), along with the expressions
for ǫ and µ given in eq.(1). For |n2| ≪ 1
ωD
, where n = K
ω
is the refractive index
and D is the coffecient in the diffusion pole, we find that upto leading order,
ǫ = 1−
√
2πC2emN
3/2
c T0κ
27ω2
+
i
√
2C2emN
3/2
c (3 + 2κ)
2
108ω
√
1 + κ
+ ..... (32)
µ = 1 +
iC2emN
3/2
c κ
54
√
2ω
√
1 + κ
+ .... (33)
At small enough ω, real part of ǫ goes to negative values ensuring the DL index
to obtain a negative value. The cut-off ω for negative refractive index will vary
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with the value of the charge parameter κ. To go beyond the hydrodynamic limit
we need to solve the equations numerically. Let us elaborate on this briefly. The
numerical solution away from the hydrodynamic limit is constructed as follows.
We start with the expansion
Y± = Y¯
0
± + q
2Y¯ 2± (34)
Next, we assume the asymptotic expansion at the boundary
Y¯ 0± =
aˆ±
u
+ bˆ± log
u
δ
+ cˆ± + dˆ±u · · ·
Y¯ 2± =
pˆ±
u
+ qˆ± log
u
δ
+ rˆ± + sˆ±u · · · (35)
where the hatted quantities are constants. Now, we use these expansions in the
equations for Y¯ 0± and Y¯
2
± in eq.(18) and obtain a series expansion in terms of the
variable u. We then need to set the coefficients of 1/u and the constant term to
zero. Since aˆ± and pˆ± are known, these can be used to express bˆ± and cˆ± in terms
of dˆ± (and qˆ±, rˆ± in terms of eˆ±). Once this is done, the constants dˆ± and sˆ± are
obtained by demanding that the solutions go over to known hydrodynamic case
when in the large wavelength limit. To illustrate the point, we plot, in figs.(1) and
(2), results for the numerical and analytical computation, for the real part of the
permittivity and the imaginary part of the effective permeability, as a function of
ω. These are seen to coincide in the hydrodynamic limit, and deviate away from
it. We emphasize here that knowing the master variables allow us to perform
similar analyses for all the retarded correlators. We will, in particular, focus
on the optical properties of the boundary theory. The results of our numerical
analysis for the real and imaginary parts of ǫ are presented in figs.(3) and (4). In
fig.(5), we show the imaginary part of µ, and numerical results for the DL index
is shown in fig.(6). In fig.(7), we show the plot of the ratio −Re[n]
Im[n]
to demonstrate
the dissipation effects. At the region of negative refractive index, this ratio is
quite small, as expected for isotropic metamaterials. As we lower ω, dissipation
effects get reduced. On the other hand, at higher frequencies, dissipation becomes
more prominent. The plot is quite similar in nature to that observed in [14].
It is to be noted that the validity of the constraint |n2| ≪ 1
ωD
has been ex-
plicitly verified for all the above results. We have always worked in a frequency
range that falls between the minimal frequency(lower cut-off) and the critical
frequency(higher cut off). To illustrate this claim, we plot ωD|n2| and ηDL to-
gether for κ = 1 in fig.(8). One can see that, within the plotted frequency range,
ωD|n2| ≪ 1 holds true.
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Figure 7: −Re[n]
Im[n]
as a function of ω, for
κ = 1 (solid blue), 1.5 (dot dashed black)
and 2 (dashed red).
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Figure 8: ωD|n2| (solid blue line) and
ηDL (dashed red line) as functions of ω,
for κ = 1.
2.2 A Two-charge Example in 4-D
We now consider a two-charge example in four dimensions. Here, for simplicity,
we will restrict to the case of two equal charges. We begin with the Lagrangian
L = √−g
[
R− L
2
8
H1/2
(
F 21 + F
2
2
)− 1
8
(∇H)2
H2
+ ...
]
(36)
The metric is given as
ds24 =
16 (πT0L)2
9u2
H1/2
(−f
H
dt2 + dx2 + dz2
)
+
L2
fu2
H1/2du2 (37)
and the expressions for the gauge fields become
A1µ =
4π
3
T0
√
2κ (1 + κ)
u√
H
(dt)µ
A2µ =
4π
3
T0
√
2κ (1 + κ)
u√
H
(dt)µ (38)
Where, we define
H = H1H2 = (1 + κu)
2 , f = H − (1 + κ)2 u3, TT0 =
3 + κ
3
(39)
κ denotes R charge while T0 denotes the Hawking temperature of neutral black
hole. We consider perturbations of the form
htx = gxx (u)T (u) e
−iωt+iKz, hzx = gxx (u)Z (u) e
−iωt+iKz
a1x =
µ1
2
A1 (u) e−iωt+iKz, a2x =
µ2
2
A2 (u) e−iωt+iKz (40)
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The linearized perturbation equations are given in terms of T (u), Z (u), A1 (u)and
A2 (u),
T
′
+
qf
̟H
Z
′
+
κ (1 + κ)u2
2H
(
A1 + A2
)
= 0
T
′′
+
uH
′ − 2H
uH
T
′ − 9q
2
4f
T − 9̟q
4f
Z +
κ (1 + κ)u2
2H
(
A1
′
+ A2
′
)
= 0
Z
′′
+
uf
′ − 2f
uf
Z
′
+
9̟2H
4f 2
Z +
9̟qH
4f 2
T = 0
A1
′′
+
f
′
f
A1′ +
2 (1 + κ)
f
T ′ +
(
9̟2H
4f 2
− 9q
2
4f
)
A1 = 0
A2
′′
+
f
′
f
A2′ +
2 (1 + κ)
f
T ′ +
(
9̟2H
4f 2
− 9q
2
4f
)
A2 = 0 (41)
Where,̟ = ω
2piT0 and q =
K
2piT0 The master variables in this case are defined by
Φ± (u) =
H
u2
T ′ (u)+
κ(1 + κ)
2
(
A1 (u) + A2 (u)
)
+C±
√
H
u
(
A1 (u) + A2 (u)
)
(42)
with the definition of C± as
C± =
3(1 + κ)
8
(
−1±
√
1 +
2q2κ
(1 + κ)2
)
(43)
In terms of the master variables, the perturbation equations decouple, and we
obtain
Φ′′± (u) +
(
f ′
f
+
2
u
− H
′
H
)
Φ′± (u) +
9
4f 2
(
̟2H − q2f)Φ± (u)
+ 4C±
(1 + κ)u
f
√
H
Φ± (u) = 0
(
A1 −A2)′′ + f ′
f
(
A1 − A2)+ 9
4f 2
(
̟2H − q2f) (A1 − A2) = 0 (44)
Now, using the boundary conditions
lim
u→0
[
u2Φ′± (u)− C±u
√
H
(
A1
′
+ A2
′
)]
=
9
4
(
q2T (0) + q̟Z(0)
)− C± (A10 + A20)
Ai
(0)
= lim
u→0
Ai (u) , T (0) = lim
u→0
T (u) , Z(0) = lim
u→0
Z (u) (45)
we proceed in the same way as the single charge example, and after some algebra,
we can write the boundary action, and calculate the transverse correlators. We
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find that these are given by
G11xx =
iωN
3/2
c T0κ
54
√
2
(
iω − K2
4piT0(1+κ)
) − iωN3/2c (9 + 12κ+ 5κ2)
216
√
2π(1 + κ)
= G22xx
G12xx =
iωN
3/2
c T0κ
54
√
2
(
iω − K2
4piT0(1+κ)
) + iωN3/2c κ(3 + 2κ)
108
√
2π(1 + κ)
= G21xx
Gxtxt =
4πN
3/2
c T 20 (1 + κ)K2
27
√
2
(
iω − K2
4piT0(1+κ)
) , Gxzxz = 4πN3/2c T 20 (1 + κ)ω2
27
√
2
(
iω − K2
4piT0(1+κ)
)
Gxtxz = − 4πN
3/2
c T 20 (1 + κ)ωK
27
√
2
(
iω − K2
4piT0(1+κ)
) , G1xtx = 2iπN3/2c T 20
√
κ(1 + κ)ω
27
(
iω − K2
4piT0(1+κ)
) = G2xtx
G1xzx = −
N
3/2
c T0
√
κωK
54
(
iω − K2
4piT0(1+κ)
) = G2xzx (46)
The components of permittivity and permeability are computed from G1xxand
G2xx using the following relationship:
Gijxx = G
ij
xx0 +K
2Gijxx2, ǫ
ij = 1− 4πC
2
em
ω2
Gijxx0, µ
ij = 1− 4πC2emGijxx2 (47)
And, they are found to be
ǫ11 = 1−
√
2πC2emN
3/2
c T0κ
27ω2
+
i
√
2C2emN
3/2
c (9 + 12κ+ 5κ2)
108 (1 + κ)ω
+ ..... = ǫ22
ǫ12 = 1−
√
2πC2emN
3/2
c T0κ
27ω2
− i
√
2C2emN
3/2
c κ (3 + 2κ)
54 (1 + κ)ω
+ ..... = ǫ21
µ11 = 1 +
iC2emN
3/2
c κ
54
√
2 (1 + κ)ω
+ ..... = µ22 = µ12 = µ21 (48)
The components of the DL index are given by
ηijDL = Re[ǫ
ij ]|µij|+Re[µij]|ǫij | (49)
Again, similar to the previous subsection, we can analyze these in the hydrody-
namic limit and away from it. The results of our computations indicate that they
have similar features as that of the single charge example. The only difference
is that the imaginary part of ǫ12 seems to be negative, in contrast to all other
cases considered in this paper. Note that the case under consideration involves
14
R-charged black holes in 4-D with two equal charges. So, there will be two charge
densities ρ1, ρ2 and two conjugate chemical potentials µ1, µ2. Kubo’s formula,
then lead us to a total of 4 components of retarded current-current correlator.
These components can be thought of as the elements of a 2×2 symmetric matrix
(similar cases have been studied in [23]). In a similar spirit, one can construct
symmetric 2 × 2 matrices for the components of permittivity, permeability and
DL index. This is indicative of the fact that the system can, in principle, show
different responses to a dynamical electromagnetic field weakly coupled at the
boundary. A similar comment applies to a two charge example in five dimen-
sions, that we consider in sequel. It would be interesting to study this further.
3 R charged Black Holes in Five Dimensions
In this section, we will study the optical properties of R-charged black holes in
D = 5, which are dual to rotating D3-branes. We will first study the single
charge example. Although this was worked out in [22], we construct here the
master variables which decouple the perturbation equations, and allow us to go
beyond the hydrodynamic limit, in studying the optical properties. We show this
calculation in some details, to contrast the method with the well known work
of [22]. We will then work out a two-charge example.
3.1 5-D Single R-charged Black holes
For the single R-charged black hole in five dimensions, we begin with the La-
grangian
L = √−g
[
R− L
2
8
H4/3F 2 − 1
3
(∇H)2
H2
+
4
L2
(
H2/3 + 2H−1/3
)]
(50)
The metric and gauge fields are given by
ds25 =
(πT0L)2
u
H1/3
(−f
H
dt2 + dx2 + dy2 + dz2
)
+
L2
4fu2
H1/3du2
Aµ = πT0
√
2κ (1 + κ)
u
H
(dt)µ (51)
Where we define
H = 1 + κu, f = (1− u) {1 + (1 + κ) u} , TT0 =
1 + κ
2√
1 + κ
(52)
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with κ denoting the R-charge while T0 denotes the Hawking temperature of neu-
tral black hole. Considering perturbations of the form,
htx = gxx (u)T (u) e
−iωt+iKz, hzx = gxx (u)Z (u) e
−iωt+iKz, ax =
µ
2
A (u) e−iωt+iKz
(53)
with all other fluctuations set to zero, the linearized equations in terms of T (u),
Z (u) and A (u) can be written as
T
′
+
qf
̟H
Z
′
+
κu
2H
A = 0
T
′′
+
uH
′ −H
uH
T
′ − q
2
fu
T − ̟q
fu
Z +
κu
2H
A
′
= 0
Z
′′
+
uf
′ − f
uf
Z
′
+
̟2H
f 2u
Z +
̟qH
f 2u
T = 0
(
HfA
′
+ 2 (κ+ 1)T
)′
+
(
̟2H2
uf
− q
2H
u
)
A = 0 (54)
Here, ̟ = ω
2piT0 and q =
K
2piT0 . Now, we construct the generalized variables
Φ± (u) =
H
u
T ′ (u) +
κ
2
A (u) + C±
H
u
A (u) (55)
where we have defined
C± =
1
2
(
−1±
√
1 +
q2κ
(1 + κ)
)
(56)
and obtain the equations
Φ′′± (u)+
(
f ′
f
+
2
u
− H
′
H
)
Φ′± (u)+
1
uf 2
(
̟2H − q2f)Φ± (u)+C±2(1 + κ)
fH
Φ± (u) = 0
(57)
The boundary conditions can be obtained as in the previous case. Also, imposing
Φ± (u) = f
−i̟T0
2T Y± (u) (58)
where, Y± (u) are regular at u = 1, their equations reduce to
Y ′′± +


(
fu2
H
)′
fu2
H
− i̟T0f
′
Tf

Y ′±
+

 1
uf 2
(
̟2H − q2f)− i̟T0
2T
(
f
′
u2
H
)′
fu2
H
+ C±
2(1 + κ)
fH
− ̟
2T 20 f ′2
4T 2f 2

Y± = 0 (59)
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Figure 9: Numerical results (5D single
charge case) for the imaginary part of the
effective permeability as a function of ω,
for κ = 1 (solid blue), 1.5 (dot dashed
black) and 2 (dashed red).
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Figure 10: Numerical results (5D single
charge case) for the DL index, as a func-
tion of ω, for κ = 1 (solid blue), 1.5 (dot
dashed black) and 2 (dashed red). This
is negative for small ω.
As before, we expand Y+ (u) in a series of i̟ and q
2,
Y+ (u) = Y
0
+ (u) + Y
1
+ (u) (i̟) + Y
2
+ (u) q
2 + ...... (60)
So that we get a series of equations:
Y 0
′′
+ +
(
fu2
H
)′
fu2
H
Y 0
′
+ = 0
Y 1
′′
+ +
(
fu2
H
)′
fu2
H
Y 1
′
+ −
T0f ′
Tf
Y 0
′
+ −
T0
2T
(
f ′u2
H
)′
fu2
H
Y 0+ = 0
Y 2
′′
+ +
(
fu2
H
)′
fu2
H
Y 2
′
+ +
[
− 1
uf
+
κu
2fH
]
Y 0+ = 0 (61)
Proceeding as in the previous cases, we obtain
Y 0+ = Cp, Y
1
+ = Cp
G (u)
u
, Y 2+ = Cp
H (u)
u
, Cp =
−q2T (0) − q̟Z(0) + C+A(0)
i̟G(0) + q2H(0)
(62)
Here, we have used the expressions
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G(u) = uY 1+(u) =
T0
(
(u− 1)(2 + κ) + 2u(1 + κ)Log [1+u+uκ
1+κ
])
2T (1 + κ)
H(u) = uY 2+(u) =
(1− u)
2(1 + κ)
(63)
The solution for Y− can be obtained similarly. Expanding Y− (u) in a series of i̟
and q2, and subjecting the solutions to appropriate boundary conditions, it can
be checked that
Y 0− =
2 + uκ
2u
Cn, Y
1
− =
2 + uκ
2u
CnP (u) , Y
2
− =
2 + uκ
2u
CnQ (u) (64)
where Cn is obtained as
Cn =
C−A(0) −
(
q2T (0) + q̟Z(0)
)
1 + i̟P (0) + q2Q(0)
(65)
and also, we have the expressions
P (u) = − T0
2T
(
(1− u)κ2
(1 + κ)(2 + uκ)
+ 2Log
[
2 + κ
1 + u+ uκ
])
Q(u) =
κ2(1− u)(2 + κ)(2 + 3κ)
2(1 + κ)(2 + uκ)(2 + κ)3
+
2(C1 +D1)
(2 + κ)3
C1 =
(
uκ2(2 + κ)
2 + uκ
+ 2(1 + κ)Log[1 + u+ κu]
)
Log[u] + κ(2 + κ)Log
[
2 + κ
1 + u+ uκ
]
D1 = 2(1 + κ) (Li2(1− u)− Li2(−1− κ) + Li2(−u(1 + κ))) (66)
where we have introduced Li, the PolyLogarithm function. Finally, by writing
down the boundary action, we find in this case, upto leading order,
ǫ = 1− πC
2
emN
2
c T 20 κ
4ω2
+
iC2emN
2
c T0 (2 + κ)2
16ω
√
1 + κ
+ .... (67)
µ = 1 +
iC2emN
2
c T0κ
16ω
√
1 + κ
+ .... (68)
Again we see that at small enough ω, the real part of ǫ obtains negative values
ensuring the occurrence of negative refractive index. The cut-off ω for negative
refractive index will vary with the value of the charge parameter κ. To go beyond
the hydrodynamic limit we have to implement a numerical solution of eq.(57). In
figs. (9) and (10) we show numerical results for the imaginary part of µ and the
DL index, respectively. In figs. (11) and (12), we demonstrate the dissipation
effects and the validity of the constraint |n2| ≪ 1
ωD
respectively. These are seen
to have qualitatively similar features as the cases considered before.
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Figure 11: −Re[n]
Im[n]
as a function of ω, for
κ = 1 (solid blue), 1.5 (dot dashed black)
and 2 (dashed red).
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Figure 12: ωD|n2| (solid blue line) and
ηDL (dashed red line) as functions of ω,
for κ = 1.
3.2 A Two-charge Example in 5-D
We will now consider a two-charge example in five dimensions, with two non-zero
chemical potentials. In this case, the metric and the gauge fields assume the
expressions
ds25 =
(πT0L)2
u
H1/3
(−f
H
dt2 + dx2 + dy2 + dz2
)
+
L2
4fu2
H1/3du2
A1µ = πT0
√
2κ (1 + κ)
u
H1/2
(dt)µ
A2µ = πT0
√
2κ (1 + κ)
u
H1/2
(dt)µ (69)
where we have defined
H = H1H2 = (1 + κu)
2 , f = H − (1 + κ)2 u2 (70)
It is enough for us to consider perturbations to the metric and gauge fields of the
form
htx = gxx (u)T (u) e
−iωt+iKz, hzx = gxx (u)Z (u) e
−iωt+iKz
a1x =
µ1
2
A1 (u) e−iωt+iKz, a2x =
µ2
2
A2 (u) e−iωt+iKz (71)
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and we find that the linearized equations are given by
T
′
+
qf
̟H
Z
′
+
κ (1 + κ)u
2H
(
A1 + A2
)
= 0
T
′′
+
uH
′ −H
uH
T
′ − q
2
fu
T − ̟q
fu
Z +
κ (1 + κ) u
2H
(
A1
′
+ A2
′
)
= 0
Z
′′
+
uf
′ − f
uf
Z
′
+
̟2H
f 2u
Z +
̟qH
f 2u
T = 0
A1
′′
+
f
′
f
A1′ +
2 (1 + κ)
f
T ′ +
(
̟2H
f 2u
− q
2
uf
)
A1 = 0
A2
′′
+
f
′
f
A2′ +
2 (1 + κ)
f
T ′ +
(
̟2H
f 2u
− q
2
uf
)
A2 = 0 (72)
Where, ̟ = ω
2piT0 and q =
K
2piT0 . Now, we consider the new variables
Φ± (u) =
H
u
T ′ (u)+
κ(1 + κ)
2
(
A1 (u) + A2 (u)
)
+C±
√
H
u
(
A1 (u) + A2 (u)
)
(73)
in which, we define
C± =
1 + κ
4
(
−1 ±
√
1 +
2q2κ
(1 + κ)2
)
(74)
and the perturbation equations decouple into the following form
Φ′′± (u) +
(
f ′
f
+
2
u
− H
′
H
)
Φ′± (u) +
1
uf 2
(
̟2H − q2f)Φ± (u) + 4C± (1 + κ)
f
√
H
Φ± (u) = 0
(
A1 − A2)′′ + f ′
f
(
A1 −A2)+ 1
uf 2
(
̟2H − q2f) (A1 − A2) = 0 (75)
Now, imposing the boundary conditions
lim
u→0
[
u2Φ′± (u)− C±u
√
H
(
A1
′
+ A2
′
)]
= q2T (0) + q̟Z(0) − C±
(
A1
0
+ A2
0
)
Ai
(0)
= lim
u→0
Ai (u) , T (0) = lim
u→0
T (u) , Z(0) = lim
u→0
Z (u) (76)
we can calculate the boundary action in the same way as done in the previous
subsection. We omit the details of the calculation here. As in the previous single
charge example, we now impose the incoming boundary wave conditions on Φ+,
Φ− and (A1 − A2) and solve for A1, A2, T and Z in the hydrodynamic limit
using a series expansion in ̟ and q2. Then we put back these solutions in the
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boundary action and compute the retarded correlators. These are listed below:
G11xx =
iωN2c T 20 κ
16
(
iω − K2
4piT0(1+κ)
) − iωN2c T0 (2 + 3κ+ 2κ2)
32π (1 + κ)
= G22xx
G12xx =
iωN2c T 20 κ
16
(
iω − K2
4piT0(1+κ)
) + iωN2c T0 (3 + 2κ)κ
32π (1 + κ)
= G21xx
Gxtxt =
πN2c T 30 (1 + κ)K2
8
(
iω − K2
4piT0(1+κ)
) , Gxzxz = πN2c T 30 (1 + κ)ω2
8
(
iω − K2
4piT0(1+κ)
)
Gxtxz = −πN
2
c T 30 (1 + κ)ωK
8
(
iω − K2
4piT0(1+κ)
) , G1xtx = iπN2c T 30 (1 + κ)
√
2κω
8
(
iω − K2
4piT0(1+κ)
) = G2xtx
G1xzx = −
N2c T 20
√
2κωK
32
(
iω − K2
4piT0(1+κ)
) = G2xzx (77)
The components of permittivity and permeability are computed from G1xxand
G2xx using the following relationship:
Gijxx = G
ij
xx0 +K
2Gijxx2, ǫ
ij = 1− 4πC
2
em
ω2
Gijxx0, µ
ij = 1− 4πC2emGijxx2 (78)
And, they are found out to be,
ǫ11 = 1− πC
2
emN
2
c T 20 κ
4ω2
+
iC2emN
2
c T0 (2 + 3κ+ 2κ2)
8 (1 + κ)ω
+ .... = ǫ22
ǫ12 = 1− πC
2
emN
2
c T 20 κ
4ω2
− iC
2
emN
2
c T0κ (3 + 2κ)
8 (1 + κ)ω
+ .... = ǫ21
µ11 = 1 +
iC2emN
2
c T0κ
16 (1 + κ)ω
+ .... = µ22 = µ12 = µ21 (79)
As before, we have numerically analyzed the DL index using the above relations,
away from the hydrodynamic limit. We find that this has the same qualitative
features as the examples considered till now, namely that the DL index becomes
negative at sufficiently small values of the frequency. Having the master variables
in this case again allows for the computation of all the correlators away from the
hydrodynamic limit, as indicated previously.
4 7d Single R-charged black hole
Finally, we turn to the case of R-charged black holes in seven dimensions, which
correspond to rotating M5-branes. The analysis of the momentum dependent
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vector modes is similar to what we have described, and we will be brief here. The
metric and the gauge fields are given by
ds27 =
4 (πT0L)2
9u
H1/5
(−f
H
dt2 + dx21 + ..... + dx
2
4 + dz
2
)
+
L2
4fu2
H1/5du2
Aµ =
2
3
πT0
√
2κ (1 + κ)
u2
H
(dt)µ (80)
Where we define
H = 1 + κu2, f = (1− u){1 + u+ (1 + κ)u2} , TT0 =
1 + κ
3√
1 + κ
(81)
where, as before, κ denotes the R-charge while T0 is the Hawking temperature of
the neutral black hole [19]. The perturbations are as in the previous examples,
and we obtain the linearized Einstein’s and Maxwell’s equation in terms of the
perturbations as :
A′′ (u) +
(
f ′
f
+
H ′
H
− 1
u
)
A′ (u) +
4 (1 + κ) u
fH
T ′ (u) +
9
4
(
̟2H
uf 2
− q
2
uf
)
A (u) = 0
Z ′′ (u) +
uf ′ − 2f
uf
Z ′ (u) +
9
4
̟2H
uf 2
Z (u) +
9
4
̟qH
uf 2
T (u) = 0
T ′′ (u) +
uH ′ − 2H
uH
T ′ (u)− 9
4
q2
uf
T (u)− 9
4
̟q
uf
Z (u) +
κu2
H
A′ (u) = 0
T ′ (u) +
qf
̟H
Z ′ (u) +
κu2
H
A (u) = 0 (82)
Where,
H = 1 + κu2, f = H − (1 + κ)u3, ̟ = ω
2πT0 , q =
K
2πT0 (83)
The master variables are constructed as
Φ± (u) =
H
u2
T ′ (u) + κA (u) + C±
H
u2
A (u) (84)
Where we need to use the definition
C± =
3
4
(
−1 +
√
1 +
q2κ
2 (1 + κ)
)
(85)
In terms of the master variable, we get the e.o.m as
Φ′′± (u) +
(
f ′
f
+
3
u
− H
′
H
)
Φ′± (u) +
9
4uf 2
(
̟2H − q2fu)Φ± (u)
+ C±
4(1 + κ)u
fH
Φ± (u) = 0 (86)
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We will simply present the results of the permittivity and the effective perme-
ability, which in the hydrodynamic limit can be shown to be
ǫ = 1− 256π
2C2emN
3
c T 40 κ
729ω2
+
16iC2emN
3
c πT 30 (κ+ 3)2
729ω
√
κ+ 1
+ .....
µ = 1 +
64πiC2emN
3
c T 30 κ
729
√
3 + κω
+ ..... (87)
A numerical method is now used to obtain these expressions beyond the hydro-
dynamic limit, and as before, we find that the behavior of the DL index is similar
to the four and five dimensional cases, and that this index becomes negative for
sufficiently small values of the frequency.
5 Discussions and Conclusions
In this paper, we have studied momentum dependent vector mode perturbations
for R-charged black holes. We have carried out this analysis in four, five and seven
dimensions, for both single and two-charged black holes. We have explicitly con-
structed the master variables in each case, for which the perturbation equations
decouple. In principle, this allows for numerical analysis of the correlators away
from the hydrodynamic limit. In particular, in order to study optical properties
of boundary theories dual to these black holes, we have used our results to evalu-
ate the DL index. In all the cases considered here, we find that the index becomes
negative at sufficiently small frequencies, confirming the prediction of [14].
Here, we have only considered the case of the flat horizon. It will be very
interesting to extend our analysis to the case of spherical horizons in R-charged
black holes. This might shed light on the behavior of correlation functions away
from the hydrodynamic limit, near critical points. Further, we did not construct
the master variables for generic multi charge black holes. Our two-charge exam-
ples here are limited to the case where the charges are equal. Work is in progress
in this direction.
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